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Selective control of qubits in a quantum register for the purposes of quantum information processing rep-
resents a critical challenge for dense spin ensembles in solid state systems. Here we present a protocol that
achieves a complete set of selective electron-nuclear gates and single nuclear rotations in such an ensemble in
diamond facilitated by a nearby NV center. The protocol suppresses internuclear interactions as well as un-
wanted coupling between the NV center and other spins of the ensemble to achieve quantum gate fidelities well
exceeding 99%. Notably, our method can be applied to weakly coupled, distant, spins representing a scalable
procedure that exploits the exceptional properties of nuclear spins in diamond as robust quantum memories.
Introduction – Quantum computing and quantum simula-
tion hold the promise for tackling computational problems
that are currently out of the reach of classical devices [1, 2].
With these applications in mind a wide variety of possible
platforms have been proposed and realized which include
trapped ions [3], superconducting circuits [4], optical lat-
tices [5], coupled cavity arrays [6], integrated photonics [7],
and hybrid systems involving nuclear spins and nitrogen va-
cancy (NV) centers [8]. However, while the storage and pro-
cessing of information by using quantum degrees of freedom
promises to enhance our computational capabilities, the avail-
able quantum-bits (qubits) are fragile and strongly sensitive to
environmental fluctuations.
Nuclear spin clusters in materials such as diamond have
been identified as promising candidates for robust solid-state
quantum memories because of their long coherence times and
the potentially large number of available spins [8]. Nuclear
spins can be initialized, controlled, and read out for quantum
information processing and sensing purposes with an NV cen-
ter driven by optical fields and microwave radiation [9–19].
However quantum computing requires the precise manipula-
tion of the information encoded in each qubit which becomes
a delicate issue in samples with dense resonance spectra. Ad-
ditionally, while nuclear spins can be effectively isolated from
other spins [20], to combine this protection with a sequential
generation of a complete set of quantum gates on specific nu-
clei remains as a challenging task. Overcoming these issues
would enable us to realize circuit-based algorithms in highly
polarized nuclear registers [21] as well as alternative models
such as DQC1 computing that do not require initial nuclear
polarization [22, 23].
In this Letter we present a protocol that combines the ad-
vantages of recently developed dynamical decoupling proto-
cols [1, 27] for the suppression of both electronic decoherence
and internuclear interactions with the robust and selective im-
plementation of quantum gates. Following a description of the
technical details of our method that incorporates the combined
action of microwave and radio frequency fields, we show the
existence of a low-energy branch that is useful for individ-
ual qubit coherent control. Finally we proceed to demonstrate
with detailed numerical simulations that our scheme allows
for protected single-qubit rotations and two-qubit gates be-
tween an NV center and weakly coupled 13C-nuclei and can
achieve fidelities above 99% [24]. Additionally, and although
we use NV centers on diamond as the model system, our
method is equally applicable to other platforms as the case
of phosphorus in silicon, or silicon carbide.
Formalism – Let us consider an NV center in a nuclear spin
bath where a static magnetic field Bz is applied along the NV
axis (the zˆ axis). Microwave and rf fields are used for exter-
nal control over the electron and nuclear spins as well as for
achieving internuclear decoupling. The Hamiltonian that de-
scribes this situation reads (~ = 1)
H = DS 2z −γeBzS z−
∑
j
γnBz Izj +S z
∑
j
~A j ·~I j +Hnn +Hc. (1)
Here γe (γn) is the electronic (nuclear) gyromagnetic ratio, Hc
describes the action of microwave and rf control fields (de-
tailed below), and Hnn accounts for the internuclear coupling
[25]. The interaction between the NV center and the j-th nu-
cleus is mediated by the hyperfine vector ~A j. Note that due to
the large zero field splitting D = 2pi×2.87 GHz, we have elimi-
nated non-secular components in Eq. (1). The microwave field
is tuned to address specific nuclear spins thanks to a tailored
sequence of pi-pulses, the AXY-8 sequence [1, 27]. The rf-
field contains the decoupling field ~Bd = Bd cos (ωrf t) nˆ and
the control field ~Bc = Bc cos (ωct + φc) nˆc. Additionally and
because of recently developed 3D positioning methods [27]
we can assume ~A j, nˆ, and nˆc to be known quantities.
The decoupling field ~Bd gives rise to the appearance of dif-
ferent branches of resonance frequencies of the nuclear spins
that can be exploited both, to obtain entangling interactions
between the electron spin and some specific nuclei as well as
single qubit operations, see Eq. (21) of [25] for a view of the
resonances map. These branches are ω j, ωrf ± ω j, 3ωrf ± ω j,
and ωrf where j labels each nucleus and
ω j = |∆|
√[
δ +
ms
2∆
n˜z n˜x Azj
]2
+
[
δ√
2
+
ms
2∆
n˜2z A
z
j
]2
, (2)
with Azj = ~A j · zˆ, δ = n˜x + Ωx2∆ (1− n˜2x − n˜z), Ωx = Ω nx, nx being
the x-component of the decoupling-field vector nˆ, Ω = γnBd2 ,
and ms = ±1. The quantities n˜x and n˜z accounts for the x-
and z-components of n˜ = ( Ωx
ω˜
, 0,−ω+ωrf
ω˜
), while ω = γnBz,
ω˜ =
√
(ω + ωrf)2 + Ω2x, and ∆ = ω˜− 2ωrf . We consider ωrf 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FIG. 1. (color online) Coherence (L) evolution as a consequence of
the entangling gates mediated by H s a), and by Ha b) for two different
nuclei under the action of a decoupling field ~Bd with ∆ = 2pi × 100
kHz. ρ ∝ |+〉〈+| ⊗ I is the initial electronic-nuclear state, with I the
identity operator (we assume the nucleus in a thermal state). In all
cases 6000 imperfect decoupling pulses have been applied giving rise
to an evolution time of a) t ≈ 3.4 ms, and b) t ≈ 3.5 ms.
max j ω j, a condition that can be achieved with the application
of moderate magnetic fields which, for the parameter regime
considered in this work, need to satisfy Bz > 0.1 T.
Restricted to the low-energy resonance branch, i.e. to the
set of frequencies {ω j}, the effective Hamiltonian after elimi-
nating fast rotating terms reads [25]
H =
ms
2
F(t) σz
∑
j
g j
[
Ixj cos (ω jt) − Iyj sin (ω jt)
]
+ Ω(t)
∑
j
~I j ·
[
|~α j| αˆ j cos (ω jt) − |~β j| βˆ j sin (ω jt)
]
. (3)
F(t) = ±1 is the modulation function, Ω(t) =
2λ cos (ωct + φc) and g j =
∣∣∣Azj n˜z sin (θn˜,nˆ j )∣∣∣ with θn˜,nˆ j
being the angle between the vectors n˜ and nˆ j with
nˆ j =
(
∆δ + ms/2n˜z n˜x Azj, 0,∆δ/
√
2 + ms/2 n˜2z A
z
j
)
/ω j. The
nuclear quantization axes are Ixj = ~I j · xˆ j, Iyj = ~I j ·yˆ j, Izj = ~I j ·zˆ j,
where ~x j = (~γ3, j − ~γ3, j · nˆ j nˆ j), ~y j = (nˆ j × ~γ3, j), ~z j = nˆ j,
~γ3, j = (~A j · zˆ)(zˆ · n˜)n˜, and the vectors ~α j, ~β j depend on the spe-
cific orientation of nˆc with respect to the basis xˆ j, yˆ j, zˆ j [25].
The contribution of Hnn is suppressed in Eq. (3) allowing to
implement quantum operations between the electron spin and
different nuclear spins without the interference of internuclear
interactions. As shown in [25] this suppression holds if
max j |Azj|  |2∆|, (4)
n˜x +
Ωx
2∆
(1 − n˜2x − n˜z) =
√
2
[
n˜z +
Ωx
2∆
n˜x(1 − n˜z)], (5)∣∣∣ µ0γ2n
2|~r j,k |3
∣∣∣  |ω j|, (6)
where |~r j,k | is the distance between nuclei j and k. Eq. (4)
accounts for the validity of the magic angle condition ac-
cording to the Lee-Goldburg decoupling [3, 29] for all nu-
clei and, if satisfied, gives rise to Eq. (5). The latter corre-
sponds to the magic angle relation in absence of hyperfine
fields. Finally Eq. (6) assures that Hnn is eliminated up to
a factor | A
z
j
2∆ g j,k | for each internuclear interaction [25]. Here
g j,k =
µ0
4
γ2n
r3j,k
[
1 − 3(nzj,k)2
]
are the internuclear coupling coeffi-
cients, r jk the distance between the j-th and k-th nuclei, and
nzj,k the z-component of the unit vector ~r j,k/r j,k. In our sim-
ulations we consider ∆ = 2pi × 100 kHz which according to
Eq. (5) result in Ωx ≈
√
2∆. Note that by using external coils
rf fields of ∼ 0.1 T have been demonstrated [30], and when
applied to the case of 13C nuclei generate Ωx > 2pi× 100 kHz.
Gate performance– The application of AXY sequences
provides us with a robust procedure to entangle the elec-
tron spin and each nuclei [1]. However, in order to se-
lectively couple the electron spin with the Ixl or I
y
l oper-
ators we need to choose time-symmetric or antisymmetric
pulse sequences, i.e. a modulation function F(t) as F s(t) =∑
k>0 f sk cos (kωt) (F
a(t) =
∑
k>0 f ak sin (kωt)) for the symmet-
ric (anti-symmetric) case [25], where, importantly for the fol-
lowing, f sk and f
a
k can be continuously tuned [1, 27]. In
the absence of rf-control, λ = 0, once the symmetric (anti-
symmetric) sequence is applied and fast rotating terms are
eliminated, which requires that the condition
∣∣∣∣∣ f e/ok˜ g j4(ωl−ω j) ∣∣∣∣∣  1
∀ j , l holds, see Eq. (3) (note that this is always achievable
because of the tunable f e/o
k˜
) we find Hs = ms4 f
s
k˜
glσzIxl (H
a =
−ms4 f ak˜ glσzI
y
l ) as the effective Hamiltonian from Eq. (3). In
both cases we assume k˜ω = ωl with k˜ ∈ N and ωl the reso-
nance frequency of the l-th nucleus. Note that the resonances
ωl are independent of the magnitude of the Bz field which al-
lows to work in a wide variety of regimes including the case
of high magnetic fields for better elimination of different ro-
tating terms. When ~Bc , 0 and ωc = ωl we can add to Hs/a
a single-qubit term proportional to Ixl or I
y
l by choosing the
phase φc in Ω(t) as φc = 0 and φc = pi2 respectively. Finally,
when the NV center is driven outside of the resonance band
{ω j} we can eliminate the first line in Eq. (3) achieving indi-
vidual spin rotations. Hence our method provides a universal
set of quantum gates.
The time-evolution operators associated to Hs/a read U s/at =
exp(−i ms4 f s/ak˜ glt σzI
x/y
l ) = exp(−iϕs/aσzIx/yl ). Robustness of
the protocol requires that the time t is a multiple of the pe-
riod τ of the pulse sequence, i.e t = Nτ [25]. Hence, we are
restricted to a set of phases ϕs/a ≡ ϕs/a(N) = ms4 f s/ak˜ glNτ de-
pending on the number of applied periods N. The absence
of tunable coefficients f s/a
k˜
would limit the fidelity of each
performed gate. For example the operation exp(−i pi2σzIxl ) re-
quires ϕs(N) = pi2 which, in general, does not hold for standard
sequences as CPMG [31, 32] or the XY family [33, 34] where
f s/a
k˜
= 4
pik . However, in our case the coefficients f
s/a
k˜
can be ar-
bitrarily selected giving access to any value for ϕs(N), ϕa(N)
and to any quantum gate [1, 27].
This is shown in Fig. 1 where decoupling pulses are intro-
duced according to Hmw = Ω cos [(ωNV + Λ)t][cos (φi) S x +
3sin (φi) S y] [35], with Λ a static detuning error with respect
to the NV energy transition, ωNV, caused, for example, by a
change in temperature (Λ ≈ 2pi × 70 kHz for a 1 K tempera-
ture shift [36]) or by the imperfect polarization of the nitrogen
spin of the NV center [8] (Λ ≈ 2pi × 2 MHz for the 14N iso-
tope). The Rabi frequency Ω is chosen to flip the electron spin
in 12.5 ns, and S x,y are spin-1 operators. In our numerics we
consider ~A j =
µ0γeγn
2|~r j |3 [zˆ − 3
(zˆ·~r j)~r j
|~r j |2 ], with ~r j connecting the NV
center and the nucleus, and the long relaxation time (T1) of
the NV electron spin when operated at T ∼ 4 K. Note that in
these conditions T1 measurements on the order of many sec-
onds have been reported [37, 38].
The curves in a), b) correspond to the evolution of the sig-
nal L = (1 − 2p|ψx〉) with p|ψx〉 = Tr[ρ(t)|ψx〉〈ψx|] [39, 40] due
to the coherent interaction of the NV center with a nucleus for
different values of the driving frequency (k˜ω). |ψx〉 = σx|ψx〉
is an eigenstate of the electronic Pauli operator σx. In a) we
couple the NV to an spin (spin 1, Az = −2pi × 16.59 kHz) us-
ing the symmetric sequence tuned to obtain ϕs = pi, pi2 ,
pi
4 ( f
s
1 =
0.045, 0.0225, 0.0112) respectively. In b) we use a nucleus
(spin 2, Az = 2pi×9.63 kHz) and the anti-symmetric sequence
with f a1 = 0.071, 0.0355, 0.01775 such that ϕa = pi,
pi
2 ,
pi
4 . In
all cases we consider a detuning error Λ = 2pi × 70 kHz and a
Rabi frequency error (RFE) of 0.25% [41]. We note that these
results are essentially indistinguishable from the case of ideal
instantaneous pulses which confirms the robustness of both
symmetric and anti-symmetric sequences. The vertical lines
are located at the resonance positions predicted by Eq. (2) and
their height can be calculated by using the expressions for
Hs/a as L = − cos ( ms4 f s/ak˜ glt), for
ms
4 f
s/a
k˜
glt ≡ ϕs/a = pi, pi2 , pi4 .
Additionally to demonstrate the robustness of the method we
chose k˜ = 1 giving rise to the application of 6000 imperfect
decoupling pulses, however this number can be significantly
reduced selecting k˜ > 1.
Internuclear decoupling– The decoupling efficiency of our
method is shown in Fig. 2 where we plot the evolution of L
for a nuclear cluster involving a dimer, i.e. a two-qubit regis-
ter with the nuclei located at the minimum distance allowed in
the diamond lattice r0 ≈ 1.54 A˚, and an isolated nucleus. This
gives rise to a internuclear coupling coefficient of 2pi × 0.685
kHz for the dimer, while the coupling of the latter with the ad-
ditional qubit is smaller than 2pi×1 Hz. The hyperfine vectors
for each nuclei have Az1 = 2pi × 4.35 kHz, Az2 = −2pi × 7.49
kHz, Az3 = −2pi × 11.82 kHz, and we apply an rf decoupling
field with ∆ = 2pi × 100 kHz. Hmw accounts for imperfect
pulses with Λ = 2pi × 70 kHz, and a RFE of 0.25%.
In the absence of the decoupling field ~Bd we can observe
the impact of the internuclear interactions due to Hnn. The
green curve in the background of Fig. 2 a) (Hnn = 0) ex-
hibits three clearly identifiable peaks. In contrast, the grey
curve in foreground of Fig. 2 a) (Hnn , 0) shows the dis-
tortion of the resonance peaks of the two nuclei of the dimer
while the resonance curve of the isolated nucleus remains un-
changed. Fig. 2 b) demonstrates the effectiveness of the de-
coupling field, ~Bd, as now the response in the presence and in
a) b)
!1 !2 !3
!1
!2 !3
3
coe cients f e,o
k˜
can be arbitrarily tuned giving access to any
value for 'e(N) and 'o(N) and, consequently, allowing to gen-
erate any quantum gate.
This is an issue that can be seen in Fig. 2 where decou-
pling pulses are introduced according to the expression Hmw =
⌦ cos [(!NV + ⇤)t][cos ( i) S x + sin ( i) S y], with ⇤ being a
detuning error with respect to the NV energy transition, !NV,
caused, for example, by thermal fluctuations ⇤ ⇡ 70 kHz
see [28], or by the imperfect polarization of the nitrogen spin
inherent to the NV center [9] giving rise to ⇤ ⇡ 2 MHz for the
14N isotope. The Rabi frequency ⌦ is chosen such that elec-
tron spin flips are performed in 12.5 ns, and S x,y are spin-1
matrices. The thin curves in Figs. 2 a), b), c) d), correspond to
t e resonance spectrum for a single qubit situation suc that,
in a), b), the coupling with the NV center is Az =  16 kHz,
and the even sequence is tuned to obtain f e1 = 0.04 for a),
and f e1 = 0.02 for b). In the same manner, for c) and d), we
have a nuclear spin with Az = 9.63 kHz, in c) the odd se-
quence is displayed with f o1 = 0.04, and f
o
1 = 0.02 in d). In
all the cases we are considering ⇤ = 70 kHz and a Rabi fre-
quency error of 0.25%, see [29]. We want to remark that the
ideal case involving instantaneous and perfect pulses produces
the same spectrum which demonstrates the robustness of both
even and odd sequences. The vertical lines are located at the
resonance frequency positions, ! j, predicted by Eq. (2) while
their height of can be calculated as P|+ih+| = 1 h xi2 where
h xi = cos (ms4 f e,ok˜ glt) and gl =
   Azl n˜z sin (✓n˜,nˆl )   , see expres-
sions for He,o. The wide curves in a), b), c) d) correspond
to the patterns obtained under strong error conditions, ⇤ = 2
MHz and Rabi frequency error of 5%. In this case we observe
a deviation with respect to the ideal result, see for example
the altitude di↵erence remarked in b). We will later quantify
these e↵ects on the fidelity of single and two qubit gates.
In order to demonstrate the decoupli g e ciency of our
method, in Fig. 2 we have numerically simulated the reso-
nance spectrum of a nuclear cluster involving a dimer, i.e. a
two-qubit register where the nuclei are located at the mini-
mum distance allowed in the diamond lattice r0 ⇡ 1.54 A˚, and
an isolated nucleus. This gives rise to a internuclear coupling
coe cient of g j,k ⌘ µ0 
2
n
4⇡|~r j,k |3 = 2.055 kHz for the dimer, while
the coupling of the latter with the additional qubit is ⇡ 3 Hz.
The z-components of the hyperfin vectors of each nuclei are
Az1 = 4.35 kHz, A
z
2 =  7.49 kHz, Az3 =  11.82 kHz, and we
are applying an rf decoupling field such that   = 100 kHz.
The continuous blue line in Fig. 2 a) h s been calculated
by setting Hnn = 0 in our numerics. In this manner three res-
onance peaks can be identified. On the contrary, the dashed
black line in Fig. 2 a) includes the presence of Hnn that dis-
torts the spectrum of the two interacting nuclei that conforms
the dimmer while leaving untouched the one of the isolated
nucleus. The plots in Fig. 2 b) include the presence of the
d co pling field, ~Bd, that gives rise to two overlapping spec-
tra, i.e. the case of Hnn = 0 (blue line) and Hnn , 0 (dashed
black line) produce the same resonance pattern that allows to
identify the resonances under the presence of strong nuclear
interactions. The red lines in Fig. 2 a), b) correspond to the
location of the theoretically predicted resonances. For the case
of ~Bd = 0, Fig. 2 a), we have resonances at ! j = |! zˆ   ms2 ~Aj|,
with ! =  nBz and ms = 1, see for example [19], while the
case ~Bd , 0, Fig. 2 b), resonates according to the positions
in Eq. (2). In both cases the heigh of the peaks can be theo-
retically predicted when dealing with isolated nuclear spins.
This assumption holds when Hnn = 0, or when Hnn , 0 and
the decoupling field is present. More specifically the peak’s
heigh is P|+ih+| = 1 h xi2 where h xi = cos (ms4 fk˜glt) and |gl| =
|~Al   ~Al · !ˆl !ˆl| for the ~Bd = 0 case, and gl =
   Azl n˜z sin (✓n˜,nˆl )   
for ~Bd , 0, see Suplemental Material for additional details.
In order to check the fidelities of di↵erent single- and two
qubit-gates we performed simulations in a sample such that
their hyperfine vectors have Az1 = 23.10 kHz, A
z
2 = 9.63
kHz, Az3 =  16.59 kHz, the internuclear coupling coe cients
of g1,2 = 3.56 Hz, g1,3 = 2.81 Hz, g2,3 = 292.76 Hz, and
  = 100 kHz see [21], and numerically computed the fideli-
ties of single- and two- qubit gates according to the definition
F = |Tr(AB
†)|p
Tr(AA†) Tr(BB†)
, whit A and B two general quantum oper-
ations [30], by driving at the theoretically predicted resonance
frequencies in Eq. (2). The results are arranged in Table I
and an inspection confirms the high fidelity achieved by our
method.
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FIG. 2. (color online) resonance spectrum for a single nuclear
spin situation under the action of the decoupling field ~Bd with   =
100kHz. In all the cases 6000 decoupling pulses have been applied
which gives rise to a total evolution time of t ⇡ 3.4 ms for a), b), and
t ⇡ 3.5 ms for c), d). In b) we have highlighted (in red) the deviation
produced when the system is driven by strong error conditions.
Finally, to estimate the e↵ect of a non-Markovian environ-
ment in our protocol we have completed the previous sample
with a bath containing 200 13C nuclei and compare the coher-
ence of the final state after a ⇡ gate, i.e. exp( i  zIxj ) with
  = ⇡, with the first nucleus used in table I. This situation cor-
responds with a diamond of a 0.27% abundance of the 13C iso-
tope and a radious of ⇡ 4.7 nm, assuming that the NV center
is located in the center of the crystal. Note that we are model-
ing an environment that maintains the same 13C concentration
than the one we can find when only considering the isolated
three-qubit register. Additionally and because of computa-
tional restrictions we deal with instantaneous pulses. For an
initial density matrix such that that ⇢ = 12 (I +  x) ⌦ I2N⇥2N
with N representing the number of qubits in the sample and
bath, the application of a gate like exp( i  zIx1) would give
rise in the ideal case to ⇢ = 12 (I + cos ( ) x) and h xi =  1
3
coe cients f e,o
k˜
can be arbitrarily tuned giving access to any
value for 'e(N) and 'o(N) and, consequently, allowing to gen-
erate any quantum gate.
This is an issue that can be seen in Fig. 2 where d cou-
pling pulses are introduced accordi g to the expr ssion Hmw =
⌦ cos [(!NV + ⇤)t][cos ( i) S x + sin ( i) S y], with ⇤ being a
detuning error with respect to the NV en rgy transition, !NV,
caused, for example, by thermal fluctuations ⇤ ⇡ 70 kHz
see [28], or by the imperfect olarization of the nitrogen spin
inherent to the NV center [9] giving rise to ⇤ ⇡ 2 MHz for the
14N isotope. The Rabi frequency ⌦ is chosen such that elec-
tron spin flips are performed in 12.5 ns, and S x,y are spin-1
matrices. The thin curves in Figs. 2 a), b), c) d), correspond to
the resonance spectrum for a single qubit situation such that,
in a), b), the coupling with the NV center is Az =  16 kHz,
and the even sequence is tuned to obtain f e1 = 0.04 for a),
and f e1 = 0.02 for b). In the same manner, for c) and d), we
have a nucl ar spin with Az = 9.63 kHz, in c) the odd se-
quence is displayed with f o1 = 0.04, and f
o
1 = 0.02 in d). In
all the cases we are considering ⇤ = 70 kHz and a Rabi fre-
quency error of 0.25%, see [29]. We want to remark that the
ideal case involving instantaneous and perfect pulses produces
the same spectrum which demonstrates the robustness of both
ev n and dd sequences. The vertical lines are located at the
resonance frequency positions, ! j, predicted by Eq. (2) while
their height of can be calculated as P|+ih+| = 1 h xi2 where
h xi = cos (ms4 f e,ok˜ glt) and gl =
   Azl n˜z sin (✓n˜,nˆl )   , see expres-
sions for He,o. The wide curves in a), b), c) d) correspond
to the patterns obtained under strong error conditions, ⇤ = 2
MHz and Rabi frequency error of 5%. In this case we observe
a d viation with respect to the ideal result, see for example
the altitude di↵erence remarked in b). We will later quantify
th se e↵ects on the fidelity of single and two qubit gates.
In order to demonstrate the decoupling e ciency of our
method, in Fig. 2 we have numerically simulated the reso-
nance sp ctrum of a nuclear cluster involving a dimer, i.e. a
two-qubit register where the nuclei are located at the mini-
mum dista ce allowed in the diamond lattic r0 ⇡ 1.54 A˚, and
an isolated nucleus. This gives ris to a internuclear coupling
coe cient of g j,k ⌘ µ0 
2
n
4⇡|~r j,k |3 = 2.055 kHz for the dimer, while
the coupling of the latter with the additional qubit is ⇡ 3 Hz.
The z-components of the hyperfine vectors of ach nucl i are
Az1 = 4.35 kHz, A
z
2 =  7.49 kHz, Az3 =  11.82 kHz, and we
are applying an rf decoupling eld uch that   = 100 kHz.
The continuous blue line in Fig. 2 a) has been calculated
by setting Hnn = 0 in our numerics. In this manner three res-
onance peaks can be identified. On the contrary, the dashed
black line in Fig. 2 a) includes the presence of Hnn that dis-
torts the spectrum of the two interacting nuclei that conforms
the dimmer while leaving untouched the one of the isolated
nucleus. The plots in Fig. 2 b) include the presence of the
decoupling field, ~Bd, that gives rise to two overlapping spec-
tra, i.e. the case of Hnn = 0 (blue line) and Hnn , 0 (dashed
black line) produce the same resonance pattern that allows to
identify the resonances under the presence of strong nuclear
interactions. The red lines in Fig. 2 a), b) correspond to the
location of the theoretically predicted resonances. For the case
of ~Bd = 0, Fig. 2 a), we have resonances at ! j = |! zˆ   ms2 ~Aj|,
with ! =  nBz and ms = 1, see for example [19], while the
case ~Bd , 0, Fig. 2 b), resonates according to the positions
in Eq. (2). In both cases the heigh of the peaks can be theo-
retically predicted when dealing with isolated nuclear spins.
This assumption holds when Hnn = 0, or when Hnn , 0 and
the decoupling field is present. More specifically the peak’s
heigh is P|+ih+| = 1 h xi2 where h xi = cos (ms4 fk˜glt) and |gl| =
|~Al   ~Al · !ˆl !ˆl| for the ~Bd = 0 case, and gl =
   Azl n˜z sin (✓n˜,nˆl )   
for ~Bd , 0, see Suplemental Material for additional details.
In order to check the fidelities of di↵erent single- and two
qubit-gates we performed simulations in a sample such that
their hyperfine vectors have Az1 = 23.10 kHz, A
z
2 = 9.63
kHz, Az3 =  16.59 kHz, the internuclear coupling coe cients
of g1,2 = 3.56 Hz, g1,3 = 2.81 Hz, g2,3 = 292.76 Hz, and
  = 100 kHz see [21], and numerically computed the fideli-
ties of single- and two- qubit gates according to the definition
F = |Tr(AB
†)|p
Tr(AA†) Tr(BB†)
, whit A and B two general quantum oper-
ations [30], by driving at the theoretically predicted resonance
frequencies in Eq. (2). The results are arranged in Table I
and an inspection confirms the high fidelity achieved by our
method.
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FIG. 2. (color online) resonance spectrum for a single nuclear
pin situation under the action of the decoupling field ~Bd with   =
100kHz. In all the cases 6000 decoupling pulses have been applied
which gives rise to a total evolution time of t ⇡ 3.4 ms for a), b), and
t ⇡ 3.5 ms for c), d). In b) we have highlighted (in red) the deviation
produc d when the system is driven by strong error conditions.
Finally, to estimate the e↵ect of a non-Markovian environ-
me t i our protocol we have completed the previous sample
with a bath containing 200 13C nuclei and compare the coher-
ence of t e final state after a ⇡ gate, i.e. exp( i  zIxj ) with
  = ⇡, with the first nucleus used in table I. This situation cor-
responds with a diamond of a 0.27% abundance of the 13C iso-
tope and a radious of ⇡ 4.7 nm, assuming that the NV center
is located in the center of the crystal. Note that we are model-
ing an environment that maintains the same 13C concentration
than the one we can find when only considering the isolated
three-qubit register. Additionally and because of computa-
tional restrictions we deal with instantaneous pulses. For an
initial density matrix such that that ⇢ = 12 (I +  x) ⌦ I2N⇥2N
with N representing the number of qubits in the sample and
bath, the application of a gate like exp( i  zIx1) would give
rise in the ideal case to ⇢ = 12 (I + cos ( ) x) and h xi =  1
1
L L
driving frequency
driving frequency
 1
 0.4
 1
FIG. 2. (color online) Coherence (L) evolution in absence a), and
with decoupling field b). The high internuclear coupling distorts the
front curve in a) with respect to the case without Hnn (back curve).
In b) we show the results when ~Bd is included giving rise to two
overlapping figures. The total evolution time is t ≈ 0.81 ms, a),
and t ≈ 3.5 ms b). The resonance frequencies in a) follows the ex-
pression |ω zˆ − ms2 ~A j| to obtain ω j = 2pi × (1.0686, 1.0770, 1.0745)
MHz, and in b) we use the low-energy brach obtaining ω j = 2pi ×
(0.1711, 0.1746, 0.1759) MHz.
the absence of H n = 0 (back dark blue curve and front light
blue curve) produce the same evolutions for L. Again, vertical
lines in Fig. 2 a), b) account for the locations of the theoret-
ically predic ed resonances and for th ir h ig t. For the case
~Bd = 0, Fig. 2 a), we have resonances at |ω zˆ − ms2 ~A j|, with
ω = γnBz and ms = 1, see for example [1], while the case
~Bd , 0, Fig. 2 b), resonates according t Eq. (2). The h ight
of the peaks can be predicted theoretically when dealing with
isolated nuclear spins, i.e. when Hnn = 0, or Hnn , 0 and the
decoupling fi ld is present. Note th t i the ~Bd = 0 case we
have L = − cos ( ms4 fk˜glt) with |gl| = |~Al − ~Al · ωˆl ωˆl| [1]
Gate fidelities– To check the fidelities of single- and two
qubit-gates we simulate a sample such that Az1 = 2pi × 23.10
kHz, Az2 = 2pi × 9.63 kHz, Az3 = −2pi × 16.59 kHz, the
internuclear cou ling coefficients are g1,2 = 2pi × 1.64 Hz,
g1,3 = 2pi×1.40 Hz, g2,3 = 2pi×−186.76 Hz, and ∆ = 2pi×100
kHz. This situation involving a minimum distance between
the Azj c mponents of ≈ 2pi × 13 kHz for, at least, three nu-
clear spins can be estimated to occur with a 0.06% of prob-
ability in diamond with 13C natural abundance. This means
that 10 samples of this kind can be found in a diamond layer
of dimensions 10 µm × 10 µm × 10 nm assuming a low NV
concentration of 0.01ppm [37]. A relaxation of this condition
by looking for an energy difference on the Azj components of
2pi × 5 kHz increases the rate of appearance to ≈ 1%. These
estimations have been performed by adding the restriction of
discarding samples that present nuclei with Azj > 2pi × 45
kHz, which assures a reduction of the internuclear coupling
for moderate rf decoupling fields. If one does not include
any condition on Azj, the percentage of suitable samples grows
from 0.06% to 5.7%.
We compute the fidelities of single- and two- qubit gates
according to F = |Tr(AB
†)|√
Tr(AA†) Tr(BB†)
, with A and B two general
quantum operations [42], by driving at the theoretically pre-
dicted resonance frequencies in Eq. (2) with imperfect pulses
such that Λ = 2pi× 70 kHz and RFE = 0.25%. The results are
4TABLE I. Fidelities F−,+ for different nuclear spins in an interact-
ing cluster and different entangling- and single-qubit gates. The
first number in each box corresponds to the fidelity (F−) of the
exp(−i pi2σzIx,yj ), exp(−i pi2 Ix,yj ) gates, while the second number to their
inverse operations (F+). Gate times are t1 = 480 µs (800 pulses),
t2 = 1.6 ms (2800 pulses), t1 = 450 µs (800 pulses). All the applied
pulses are imperfect.
F−,+ exp(∓i pi2σzIxj ) exp(∓i pi2σzIyj ) exp(∓i pi2 Ixj ) exp(∓i pi2 Iyj )
Spin1 0.9984, 0.9980 0.9971, 0.9988 0.9983, 0.9983 0.9983, 0.9984
Spin2 0.9918, 0.9918 0.9935, 0.9930 0.9986, 0.9986 0.9987, 0.9986
Spin3 0.9960, 0.9963 0.9975, 0.9963 0.9952, 0.9952 0.9954, 0.9953
outlined in Table I and an inspection confirms the high fidelity
achieved by our method. See [25] for further details.
Finally, to estimate the effect of environmental noise from
other unused nuclei we have completed the previous sample
with a bath containing 200 13C atoms and compare the value
of L of after the gate exp(−ipiσzIx1). This situation describes
a diamond with a 0.27% abundance of 13C located within a
radius of ≈ 4.7 nm with the NV assumed to be located in
the center. Because of computational restrictions, here we
deal with instantaneous pulses. For an initial density matrix
ρ ∝ |+〉〈+| ⊗ I2N×2N , N being the total number of nuclear spins,
our realisation of exp(−ipiσzIx1) gives rise to L = 0.9985 when
only the three qubit register is consider and L = 0.9936 when
the bath is included. Note that this value has been obtained by
averaging the results for 10 different samples [25]. This im-
plies that thanks to our decoupling protocols the large number
of bath spins has a small effect on the gate fidelity.
Applications– An algorithmic problem of interest in quan-
tum chemistry and solid-state physics is the quantum simula-
tion of fermionic systems. Through the Jordan-Wigner trans-
formation [43] any fermionic Hamiltonian H f of N particles
admits a form like H f =
∑
(i, j,...) g(i, j,...)[σαi ⊗ σβj ⊗ ...], with
α, β, ... = x, y, z, and i, j, ... = 1, ...,N. By Trotter expanding
the associated time-evolution operator Ut ≈ (Π(i, j,...)U(i, j,...))n,
where U(i, j,...) = exp(−i tn g(i, j,...)[σαi ⊗ σβj ⊗ ...]) we find that
fermionic dynamics relies on the robust implementation of the
gates U(i, j,...). Note that the latter can be achieved by a single
mediator [21, 44, 45] which adapts to our protocol.
Any unitary gate between different nuclei can be imple-
mented as Uqi,{qn} = SWAPqe,qi U˜qe,{qn} SWAPqe,qi , where qe
labels the electron spin while q j the nuclear spins, U˜qe,{qn}
represents a gate between the electron spin and some set of
n qubits {qn} that does not contain the i-th qubit. When
applied to some initial state we find Uqi,{qn}|ψe〉|ψi〉|φ{qn}〉 =
|ψe〉U˜qi,{qn}|ψi〉|φ{qn}〉. This procedure can be repeated to find
|ψe〉U˜qi j ,{qn j }...U˜qi2 ,{qn2 }U˜qi1 ,{qn1 }|φ{qN }〉, that corresponds to a set
of operations applied on the nuclei where N = n+1, and n j, qi j
label different nuclear spin sets and spin targets respectively.
Quantum algorithms as outlined above assume a pure initial
state of the entire quantum computer. Remarkably, however,
there are models of quantum computation that achieve compu-
tational advantages with minimal coherence. Indeed, a single
pure qubit (in our case the easily polarisable NV electron spin)
executing a controlled unitary operation |0〉〈0| ⊗1+ |1〉〈1| ⊗U
on a maximally mixed register (the 13C nuclei) can be used to
obtain the trace of the unitary U efficiently after a single mea-
surement of the control qubit. This setting realises the DQC1
protocol [22] which can be shown to achieve computational
advantages over classical computation and allow for the exe-
cution of complex algorithms such as Shor’s factoring algo-
rithm [23, 46]. Furthermore, the DQC1 model can be adapted
to obtain Heisenberg scaling in metrology tasks which ties in
well with envisaged spin sensing applications [47].
Conclusions – We provide a robust scheme to perform
highly-selective single- and two-qubit gates into different nu-
clear spins while efficiently eliminate the effect of internuclear
interactions and the noise on the mediator. Our method does
not requires strongly coupled spins representing an scalable
procedure for general quantum computing purposes.
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Supplemental Material:
Noise-resilient Quantum Computing with a Nitrogen-Vacancy Center and Nuclear Spins
I. HAMILTONIAN MODEL UNDER DECOUPLING RADIO-FREQUENCY FIELD
Here we show how to achieve the effective Hamiltonian in Eq. (2) on the main text. In a rotating frame with respect to the
electronic free energy terms DS 2z − γeBzS z we have (~ = 1)
H = −
∑
j
ω Izj +
ms
2
[F(t) σz + I]
∑
j
~A j · ~I j + 2Ω cos (ωrf t)
∑
j
~I j · nˆ + H˜c + Hnn. (S1)
Here ω = γnBz with γn = 2pi × 10.705 MHzT being the 13C gyromagnetic ratio, ms = ±1 see [S1], ~A j is the hyperfine vector for
the j-th nucleus, 2Ω = γnBd, σz = |ms〉〈ms| − |0〉〈0| denotes the electron spin Pauli operator, H˜c gives rise to the action of the rf
control field, F(t) = 1, or F(t) = −1 (depending on whether an even, F(t) = 1, or odd, F(t) = −1, number of decoupling pulses
have been applied) is the modulation function and Hnn is
Hnn =
∑
j>k
µ0
2
γ2n
r3j,k
~I j · ~Ik − 3(~I j · ~r j,k)(~r j,k · ~Ik)r2j,k
 , (S2)
where |~r j,k | is the distance between the j-, and k-th nuclei. Additionally and without loss of generality we consider nˆ = (nz⊥ , 0, nz)
with z⊥ ≡ xˆ being a direction orthogonal to zˆ.
Our analysis will be performed in a counter rotating frame that allows to a more detailed description of the resonances structure
in Eq. (S1) than the one that can be obtained by merely applying the rotating wave approximation. More specifically, in order to
take into account possible energy deviations coming from Bloch-Siegert shifts [S2] it is convenient to move into an interaction
picture w.r.t. ωrf
∑
j I
z
j. This yields
H =
∑
j
[
ΩxIxj − (ω + ωrf)Izj
]
+ Ωx
∑
j
[
I+j e
i2ωrf t + I−j e
−i2ωrf t
]
+ 2Ωz cos (ωrf t)
∑
j I
z
j
+
ms
2 [F(t) σz + I]
∑
j e
iωrf Izj t ~A j · ~I je−iωrf Izj t + eit
∑
j ωrf I
z
j H˜ce
−it ∑ j ωrf Izj + H˜nn.
6Here, Ωx,z = Ω nz
⊥,z and H˜nn reads
H˜nn = e
it
∑
j ωrf I
z
j Hnn e
−it ∑ j ωrf Izj ≈∑
j>k
µ0
2
γ2n
r3j,k
[
1 − 3(nzj,k)2
] [
Izj I
z
k −
1
2
(Ixj I
y
k + I
y
j I
x
k )
]
. (S3)
By defining
[
ΩxIxj − (ω + ωrf)Izj
]
= ω˜ n˜ · ~I j, where ω˜ =
√
(ω + ωrf)2 + Ω2x and n˜ = (
Ωx
ω˜
, 0,−ω+ωrf
ω˜
), we can write
H = ω˜
∑
j n˜ · ~I j + Ωx ∑ j [I+j ei2ωrf t + I−j e−i2ωrf t] + 2Ωz cos (ωrf t) ∑ j Izj
+
ms
2 [F(t) σz + I]
∑
j e
iωrf Izj t ~A j · ~I je−iωrf Izj t + eit
∑
j ωrf I
z
j H˜ce
−it ∑ j ωrf Izj + H˜nn.
In order to achieve internuclear decoupling the action of a magnetic field oriented into an specific angle is required. This
condition is known as the magic angle condition [S3] and it can be addressed in our formalism by expressing ω˜ = ∆ + ξ and
moving to a rotating frame w.r.t. ξ
∑
j n˜ · ~I j. By using the identity
ei~I j·lˆφ~I j · ~b e−i~I j·lˆφ = ~I j · [(~b − ~b · lˆlˆ) cos φ − lˆ × ~b sin φ + ~b · lˆlˆ], (S4)
and under the resonance condition ξ = 2ωrf we find
H =
∑
j
{[
∆n˜x +
Ωx
2
(1 − n˜2x − n˜z)
]
Ixj +
[
∆n˜z +
Ωx
2
n˜x(1 − n˜z)] Izj}
+
ms
2
[F(t) σz + I]
∑
j
eiξn˜·~I jteiωrf I
z
j t ~A j · ~I je−iωrf Izj te−iξn˜·~I jt
+ eiξ
∑
j n˜·~I jteit
∑
j ωrf I
z
j H˜ce
−it ∑ j ωrf Izj e−iξ∑ j n˜·~I jt + eiξ∑ j n˜·~I jtH˜nne−iξ∑ j n˜·~I jt. (S5)
In the previous equation we have eliminated the term 2Ωz cos (ωrf t)
∑
j I
z
j that it is not compensated with any other oscillat-
ing variable, see section II for further considerations about the fidelity of this effective Hamiltonian. Note that the resonance
condition 2ωrf = ξ implies
∆ = ω˜ − 2ωrf =
√
(ω + ωrf)2 + Ω2x − 2ωrf = (ω + ωrf)
√
1 +
(
Ωx
ω + ωrf
)2
− 2ωrf ≈ ω − ωrf + 12
Ω2x
ω + ωrf
, (S6)
where it can be explicitly seen an energy shift proportional to Ω
2
x
ω+ωrf
, see [S2].
The second line of Eq. (S5) can be simplified to
ms
2
F(t) σz
∑
j
eiξn˜·~I jteiωrf I
z
j t ~A j · ~I je−iωrf Izj te−iξn˜·~I jt + ms2
∑
j
Azj(zˆ · n˜) ~I j · n˜, (S7)
where we have eliminated fast rotating terms. This gives rise to
H =
∑
j
{[
∆n˜x +
Ωx
2
(1 − n˜2x − n˜z) +
ms
2
n˜z n˜x Azj
]
Ixj +
[
∆n˜z +
Ωx
2
n˜x(1 − n˜z) + ms2 n˜
2
z A
z
j
]
Izj
}
+
ms
2
F(t) σz
∑
j
eiξn˜·~I jteiωrf I
z
j t ~A j · ~I je−iωrf Izj te−iξn˜·~I jt
+ eiξ
∑
j n˜·~I jteit
∑
j ωrf I
z
j H˜ce
−it ∑ j ωrf Izj e−iξ∑ j n˜·~I jt + eiξ∑ j n˜·~I jtH˜nne−iξ∑ j n˜·~I jt, (S8)
where n˜x = n˜ · xˆ, and n˜z = n˜ · zˆ.
The elimination of the internuclear interactions happens if we match the magic-angle condition [S3] which in our case corre-
sponds to [
∆n˜x +
Ωx
2
(1 − n˜2x − n˜z) +
ms
2
n˜z n˜x Azj
]
=
√
2
[
∆n˜z +
Ωx
2
n˜x(1 − n˜z) + ms2 n˜
2
z A
z
j
]
. (S9)
Because Azj takes different values for each nuclei the above equality does not hold for any j, however it can be approximately
fulfilled if ∆ takes a value such that
|Azj|  |2∆|, ∀ j, (S10)
7This issue simplifies the magic-angle condition that now reads
n˜x +
Ωx
2∆
(1 − n˜2x − n˜z) =
√
2
[
n˜z +
Ωx
2∆
n˜x(1 − n˜z)]. (S11)
Note that the above equation establishes a relation between the externally controllable parameters Ω, nˆ, and ∆.
In this manner the Hamiltonian is
H =
∑
j
ω j nˆ j · ~I j + ms2 F(t) σz
∑
j
eiξn˜·~I jteiωrf I
z
j t ~A j · ~I je−iωrf Izj te−iξn˜·~I jt
+eiξ
∑
j n˜·~I jteit
∑
j ωrf I
z
j H˜ce
−it ∑ j ωrf Izj e−iξ∑ j n˜·~I jt + eiξ∑ j n˜·~I jtH˜nne−iξ∑ j n˜·~I jt. (S12)
The above expression contains a resonance frequency, ω j, depending on the nuclear register. We can exploit this issue to
generate single-qubit addressing and implement entangling operations between the electron spin and some specific nucleus as
well as single qubit rotations. More specifically that frequency is
ω j = |∆|
√[
δ +
ms
2∆
n˜z n˜x Azj
]2
+
[
δ√
2
+
ms
2∆
n˜2z A
z
j
]2
(S13)
with δ = n˜x + Ωx2∆ (1 − n˜2x − n˜z). The j-th nuclear rotation axis reads
nˆ j =
(∆δ + ms2 n˜z n˜x Azj
ω j
, 0,
∆δ√
2
+
ms
2 n˜
2
z A
z
j
ω j
)
(S14)
An additional change of interaction picture w.r.t.
∑
j ω j nˆ j · ~I j provides with
H =
ms
2
F(t) σz
∑
j
eiω j nˆ j·~I jt eiξn˜·~I jt eiωrf I
z
j t ~A j · ~I j e−iωrf Izj t e−iξn˜·~I jt e−iω j nˆ j·~I jt
+ ei
∑
j ω j nˆ j·~I jt eiξ
∑
j n˜·~I jt eit
∑
j ωrf I
z
j H˜c e
−it ∑ j ωrf Izj e−iξ∑ j n˜·~I jt e−i ∑ j ω j nˆ j·~I jt
+ ei
∑
j ω j nˆ j·~I jt eiξ
∑
j n˜·~I jt H˜nn e−iξ
∑
j n˜·~I jt e−i
∑
j ω j nˆ j·~I jt. (S15)
The last line of the previous equation, i.e. the one including the internuclear interactions, can be treated as follows. First, for
large values of Bz we have n˜ ≈ zˆ and consequently
eiξ
∑
j n˜·~I jt H˜nn e−iξ
∑
j n˜·~I jt ≈ H˜nn. (S16)
Then we can average out the remaining expression, ei
∑
j ω j nˆ j·~I jt H˜nn e−i
∑
j ω j nˆ j·~I jt, because of the magic angle condition in
Eq. (S11) and the easily achievable requirement
∣∣∣ µ0γ2n
2|~r j,k |3
∣∣∣  |ω j| (S17)
Note that for the diamond lattice the lowest Carbon-Carbon distance is r0 ≈ 1.54 A˚, therefore nuclei located at that distance have
the highest value of the coupling coefficient
µ0γ
2
j
2|~r j,k |3 . Consequently we need a set of frequencies ω j such that
2 kHz  |ω j| (S18)
In this manner internuclear interactions can be approximately neglected, note that in addition to the previous condition we are
also restricted by the applicability of Eq. (S10).
Hence we can simplify the Hamiltonian to the following expression
H =
ms
2
F(t) σz
∑
j
eiω j nˆ j·~I jt eiξn˜·~I jt eiωrf I
z
j t ~A j · ~I j e−iωrf Izj t e−iξn˜·~I jt e−iω j nˆ j·~I jt
+ ei
∑
j ω j nˆ j·~I jt eiξ
∑
j n˜·~I jt eit
∑
j ωrf I
z
j H˜c e
−it ∑ j ωrf Izj e−iξ∑ j n˜·~I jt e−i ∑ j ω j nˆ j·~I jt. (S19)
8With the help of the identity in Eq. (S4) and writing the control Hamiltonian Hc as
Hc = 2λ cos(ωc + φc)
∑
j
~I j · nˆc, (S20)
Eq. (S19) can be fully developed providing a complete map to the resonances structure of the system under the action of the
decoupling field. This is
H =
ms
2
F(t) σz
∑
j
{
~I j ·
[
(~α1, j − ~α1, j · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~α1, j) sin (ω jt) + ~α1, j · nˆ j nˆ j
]
cos (ξt) cos (ωrf t)
− ~I j ·
[
(~α2, j − ~α2, j · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~α2, j) sin (ω jt) + ~α2, j · nˆ j nˆ j
]
sin (ξt) cos (ωrf t)
+ ~I j ·
[
(~α3, j − ~α3, j · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~α3, j) sin (ω jt) + ~α3, j · nˆ j nˆ j
]
cos (ωrf t)
− ~I j ·
[
(~β1, j − ~β1, j · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~β1, j) sin (ω jt) + ~β1, j · nˆ j nˆ j
]
cos (ξt) sin (ωrf t)
+ ~I j ·
[
(~β2, j − ~β2, j · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~β2, j) sin (ω jt) + ~β2, j · nˆ j nˆ j
]
sin (ξt) sin (ωrf t)
− ~I j ·
[
(~β3, j − ~β3, j · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~β3, j) sin (ω jt) + ~β3, j · nˆ j nˆ j
]
sin (ωrf t)
+ ~I j ·
[
(~γ1, j − ~γ1, j · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~γ1, j) sin (ω jt) + ~γ1, j · nˆ j nˆ j
]
cos (ξt)
− ~I j ·
[
(~γ2, j − ~γ2, j · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~γ2, j) sin (ω jt) + ~γ2, j · nˆ j nˆ j
]
sin (ξt)
+ ~I j ·
[
(~γ3, j − ~γ3, j · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~γ3, j) sin (ω jt) + ~γ3, j · nˆ j nˆ j
] }
+2λ cos(ωc + φc)
∑
j
{
~I j ·
[
(~m1,1 − ~m1,1 · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~m1,1) sin (ω jt) + ~m1,1 · nˆ j nˆ j
]
cos (ξt) cos (ωrf t)
− ~I j ·
[
(~m1,2 − ~m1,2 · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~m1,2) sin (ω jt) + ~m1,2 · nˆ j nˆ j
]
sin (ξt) cos (ωrf t)
+ ~I j ·
[
(~m1,3 − ~m1,3 · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~m1,3) sin (ω jt) + ~m1,3 · nˆ j nˆ j
]
cos (ωrf t)
− ~I j ·
[
(~m2,1 − ~m2,1 · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~m2,1) sin (ω jt) + ~m2,1 · nˆ j nˆ j
]
cos (ξt) sin (ωrf t)
+ ~I j ·
[
(~m2,2 − ~m2,2 · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~m2,2) sin (ω jt) + ~m2,2 · nˆ j nˆ j
]
cos (ξt) sin (ωrf t)
− ~I j ·
[
(~m2,3 − ~m2,3 · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~m2,3) sin (ω jt) + ~m2,3 · nˆ j nˆ j
]
sin (ωrf t)
+ ~I j ·
[
(~m3,1 − ~m3,1 · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~m3,1) sin (ω jt) + ~m3,1 · nˆ j nˆ j
]
cos (ξt)
− ~I j ·
[
(~m3,2 − ~m3,2 · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~m3,2) sin (ω jt) + ~m3,2 · nˆ j nˆ j
]
sin (ξt)
+ ~I j ·
[
(~m3,3 − ~m3,3 · nˆ j nˆ j) cos (ω jt) − (nˆ j × ~m3,3) sin (ω jt) + ~m3,3 · nˆ j nˆ j
] }
(S21)
9where
~α1, j = (~A j − ~A j · zˆ zˆ) − (~A j − ~A j · zˆ zˆ) · n˜ n˜,
~α2, j = n˜ × (~A j − ~A j · zˆ zˆ),
~α3, j = (~A j − ~A j · zˆ zˆ) · n˜ n˜,
~β1, j = (zˆ × ~A j) − (zˆ × ~A j) · n˜ n˜,
~β2, j = n˜ × (zˆ × ~A j),
~β3, j = (zˆ × ~A j) · n˜ n˜,
~γ1, j = (~A j · zˆ zˆ) − (~A j · zˆ zˆ) · n˜ n˜,
~γ2, j = n˜ × (~A j · zˆ zˆ),
~γ3, j = (~A j · zˆ) (zˆ · n˜) n˜, (S22)
and
~m j,1 = ~nc, j − ~nc, j · n˜ n˜,
~m j,2 = n˜ × ~nc, j,
~m j,3 = ~nc, j · n˜ n˜,
(S23)
with
~nc,1 = nˆc − nˆc · zˆ zˆ,
~nc,2 = zˆ × nˆc,
~nc,3 = nˆc · zˆ zˆ. (S24)
An inspection of Eq. (S21) together with the condition ξ = 2ωrf reveals the existence of different resonance branches at ω j,
ωrf ±ω j, and 3ωrf ±ω j. We will restrict our analysis to the branch that resonates at ω j frequencies, i.e. those going with the ~γ3, j,
and ~m3,3 in Eq. (S21). However the whole formalism can be applied to any other branch.
One can easily demonstrate that the set xˆ j, yˆ j, and zˆ j, where ~x j = (~γ3, j − ~γ3, j · nˆ j nˆ j), ~y j = (nˆ j × ~γ3, j), ~z j = nˆ j and |~x j| = |~y j| =∣∣∣(~A j · zˆ)(zˆ · n˜) sin (θn˜,nˆ j )∣∣∣ = g j, θn˜,nˆ j being the angle between the vectors n˜, nˆ j, constitutes a set of orthogonal and unitary vectors
that allows to define the computational basis of our problem as follows
Ixj = ~I j · xˆ j,
Iyj = ~I j · yˆ j,
Izj = ~I j · zˆ j.
(S25)
Additionally we can express the set (~m3,3 − ~m3,3 · nˆ j nˆ j), (nˆ j × ~m3,3), and nˆ j in terms of the previously defined vector basis.
Despite the complexity of the Hamiltonian (S21) we can excite only one resonance branch by means of the robust AXY-8
sequence [S1] where the function F(t) can be modulated reading F(t) =
∑
k>0 fk cos (kωt) with fk and ω being fully tunable
parameters (see section III for a discussion of symmetric and antisymmetric pulse arrangements of the AXY sequence). Then,
if we set F(t) with a period τ and the control RF field with a frequency ωc such that
(
k
τ
)
and ωc are both on the range of the
resonant ω j frequencies, the Hamiltonian in Eq. (S21) is simplified to
H =
ms
2
F(t) σz
∑
j
g j
[
Ixj cos (ω jt) − Iyj sin (ω jt)
]
+ 2λ cos (ωct + φc)
∑
j
~I j ·
[
|~α j| αˆ j cos (ω jt) − |~β j| βˆ j sin (ω jt)
]
, (S26)
where ~α j and ~β j depends on the specific orientation of nˆc with respect to the basis xˆ j, yˆ j, and zˆ j.
II. DECOUPLING FIELD APPROXIMATION
In order to justify the decoupling field structure that gives rise to Eq. (S12) it is enough with considering the situation described
by the expression
H = −ω Iz + 2Ω ~I · nˆ cos (ωrf t). (S27)
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FIG. S1. (color online) fidelity values for the case ∆ = 2pi × 200 kHz and Ω calculated by using the magic-angle condition in Eq. (S11) for
different values (4 and 5 T) of the magnetic field in the z direction. In both cases we assume an error in the radio frequency field alignment
of ±1.5◦ in any direction considering nx = 1 as the ideal case. For these parameters the fidelity reaches values above 0.95 for times up to 0.5
seconds. In the inset we show the fidelity when the RWA is applied. Note that in the latter the approximation given by the Hamiltonian in
Eq. (S29) is only valid for some hundreds of microseconds.
In the case of tuning ωrf = ω, the RWA gives rise to the following Hamiltonian in the interaction picture of −ω Iz
H = ΩxIx, (S28)
or when ωrf = ω − ∆
H = −∆Iz + ΩxIx. (S29)
However we can refine the RWA by proceeding as follows, in a rotating frame w.r.t. ω Iz (the counter rotating frame) we find
H = ω˜ n˜ · ~I + Ωx (I+ei2ωt + I−e−i2ωt) + 2Ωz Iz cos (ωrf t). (S30)
By writing ω˜ = ∆ + ξ and neglecting the term 2Ωz Iz cos (ωrf t) that will be not compensated with other oscillating variable we
find that, in the rotating frame of ξ n˜ · ~I and under the resonance condition ξ = 2ωrf , the Hamiltonian reads
H =
[
∆n˜x +
Ωx
2
(1 − n˜2x − n˜z)
]
Ix +
[
∆n˜z +
Ωx
2
n˜x(1 − n˜z)
]
Iz. (S31)
The above expression is only an approximation of the real Hamiltonian in Eq. (S27), however one can compute the fidelity
between the propagators associated to Eqs. (S27, S28) and Eqs. (S27, S31) as a function of time according to the definition
F =
|Tr(AB†)|√
Tr(AA†) Tr(BB†)
(S32)
where A are B are two general quantum operations. In Fig. S1 we show the fidelity of the time evolution operators generated by
the Hamiltonians in Eqs. (S27, S31) for different values of the static magnetic field. The inset shows the fidelity when the RWA
is invoked. An inspection of the plots shows an improvement of almost three orders of magnitude in the fidelity when working
in the counter-rotating picture.
III. SYMMETRIC AND ANTI-SYMMETRIC ARRANGEMENT OF AXY SEQUENCES
In order to couple the electron spin with the Ixj , or I
y
j components of each individual nuclei, we can choose between the
symmetric and anti-symmetric versions of the AXY sequence, see Fig. S2. While the sequence in Fig. S2 a) produces an
even modulation function F(t) such that F(t) =
∑
k>0 f sk cos (kωt), the arrangement of pulses in Fig. S2 b) gives rise to F(t) =∑
k>0 f ak sin (kωt) which presents an odd behavior. Note that the even an odd pulse sequences are simply related by a time-shift.
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FIG. S2. (color online) Different pulse arrangements giving rise to symmetric a), and anti-symmetric b) AXY sequences. Behind each pulse
sequence the associated modulation function, F(t), is plotted showing their even or odd character. The phases φ j, φ˜ j that determine the rotation
axis in the X-Y plane are chosen such that φ j = [ pi6 , 0,
pi
2 , 0,
pi
6 ], and φ˜ j = [
pi
6 +
pi
2 ,
pi
2 ,
pi
2 +
pi
2 ,
pi
2 ,
pi
6 +
pi
2 ]. Each pulse sequence is repeated N times with
the interpulse spacing governed by the time-variables δ1, and δ2 that allow to arbitrarily tune the f ek , f
o
k coefficients. The highlighted pi-pulse in
a), b) represents the link between the even an odd pulse sequences, i.e. the odd sequence is displayed considering the rotation around the axis
φ4 as the first pulse.
More specifically, the pi pulse that rotates the electron spin along the axis defined by φ4 in Fig. S2 a), i.e. in the even AXY
sequence, is chosen as the first rotating pulse in the odd version of AXY. In both cases the coefficients f sk , f
a
k can be arbitrarily
tuned which provides with selective nuclear addressing and with high fidelity quantum gates (see discussion on the main text).
In order to fit these pulse arrangements with the standard XY-8 sequence we can consider, in a), the composite X pulse as the
pulse-set displayed from 0 to τ2 while the composite Y pulse is conformed by the pulses from
τ
2 to τ. In this manner the symmetric
AXY-8 sequence corresponds to the repeated application of the XYXYYXYX pulse arrangement. The anty-simmetric AXY-8
sequence can be built in the same way but taking into account that the composite X and Y pulses have to be constructed according
to Fig. S2 b).
IV. DECOUPLING EFFICIENCY
The dynamics of interacting nuclear spins under the action of an static Bz and a decoupling rf field is described by the
Hamiltonian
H = −
∑
j
ωIzj + 2Ω cos (ωrf t)
∑
j
Ixj +
∑
j>k
µ0
2
γ2n
r3j,k
~I j · ~Ik − 3(~I j · ~r j,k)(~r j,k · ~Ik)r2j,k

≈ −
∑
j
ωIzj + 2Ω cos (ωrf t)
∑
j
Ixj +
∑
j>k
µ0
2
γ2n
r3j,k
(1 − 3rˆ j,k)
[
IzjI
z
k −
1
2
(Ixj I
x
k + I
y
j I
y
k )
]
. (S33)
Then, in a rotating frame w.r.t. ωrf
∑
j I
z
j such that ωrf = −ω + ∆ we have
H = −∆
∑
j
Izj + Ω
∑
j
Ixj +
∑
j>k
λ j,k
[
IzjI
z
k −
1
2
(Ixj I
x
k + I
y
j I
y
k )
]
, (S34)
where λ j,k =
µ0
2
γ2n
r3j,k
(1 − 3rˆ j,k). In order to simplify the explanation let us restrict to the simplest case of two interacting nuclei
because the structure of the above Hamiltonian allows to straightforwardly extend the argument to many particles. In this manner
we can consider the problem
H = ω1 I˜z1 + ω2 I˜
z
2 + λ1,2
[
Iz1I
z
2 −
1
2
(Ix1 I
x
2 + I
y
1I
y
2)
]
, (S35)
12
where I˜zj =
[
−∆√
∆2+Ω2
Izj +
Ω√
∆2+Ω2
Ixj
]
, for j = 1, 2 and ω1 = ω2 =
√
∆2 + Ω2. Then, one can define a new base in terms of the I˜αj
operators as
I˜zj = e
−iθIyj I˜zje
iθIyj = cos θ Izj + sin θ I
x
j ,
I˜xj = e
−iθIyj Ixj e
iθIxj = cos θ Ixj − sin θ Izj,
I˜yj = I
y
j , (S36)
or, conversely
Izj = e
iθI˜yj I˜zje
−iθI˜yj = cos θ I˜zj − sin θ I˜xj ,
Ixj = e
iθI˜yj I˜xj e
−iθI˜yj = cos θ I˜xj + sin θ I˜
z
j,
Iyj = I˜
y
j , (S37)
where cos θ = −∆√
∆2+Ω2
and sin θ = Ω√
∆2+Ω2
.
Now it is easy to demonstrate that
H = ω1 I˜z1 + ω2 I˜
z
2 + λ1,2
[
Iz1I
z
2 −
1
2
(Ix1 I
x
2 + I
y
1I
y
2)
]
≈ ω1 I˜z1 + ω2 I˜z2 (S38)
when θ = θm = arctan (
√
2) ≈ 54.7◦, i.e. equals to the magic angle [S3].
In our case, and considering only the terms in Eq. (S8) which are relevant for the demonstration, we have that the equivalent
expression to Eq. (S34) is
H =
∑
j
{[
∆n˜x +
Ωx
2
(1 − n˜2x − n˜z) +
ms
2
n˜z n˜x Azj
]
Ixj +
[
∆n˜z +
Ωx
2
n˜x(1 − n˜z) + ms2 n˜
2
z A
z
j
]
Izj
}
v + eiξ
∑
j n˜·~I jtH˜nne−iξ
∑
j n˜·~I jt. (S39)
Now taking into account that n˜ = ( Ωx
ω˜
, 0,−ω+ωrf
ω˜
) ≈ (0, 0,−1), which is a reasonable assumption in the parameter regime we are
considering, we can simplify the above expression to find
H ≈
∑
j
Ωx Ixj +
∑
j
[ − ∆ + ms
2
Azj
]
Izj + H˜nn =
∑
j
Ωx Ixj − ∆
∑
j
[
1 −
msAzj
2∆
]
Izj + H˜nn. (S40)
In this manner one can apply the same formalism to search for the magic angle condition but including a correction of the order
Azj
2∆ (note that |ms| = 1). Hence we can define a new basis such that
Izj = e
iθ j I˜
y
j I˜zje
−iθ j I˜yj ≈ eiθm I˜yj I˜zje−iθm I˜
y
j (1 + O
[∣∣∣Azj/2∆∣∣∣]) = cos θm I˜zj − sin θm I˜xj + O [∣∣∣Azj/2∆∣∣∣] ,
Ixj = e
iθ j I˜
y
j I˜xj e
−iθ j I˜yj ≈ eiθm I˜yj I˜xj e−iθm I˜
y
j (1 + O
[∣∣∣Azj/2∆∣∣∣]) = cos θ I˜xj + sin θ I˜zj + O [∣∣∣Azj/2∆∣∣∣] ,
Iyj = I˜
y
j , (S41)
In this manner we have that the Hamiltonian in Eq. (S40) is
H ≈
∑
j
Ωx Ixj +
∑
j
[ − ∆ + ms
2
Azj
]
Izj + O
[∣∣∣Azj/2∆∣∣∣] . (S42)
Therefore the each nuclear-nuclear interaction is suppressed by a factor of
∣∣∣Azj/2∆∣∣∣.
V. NUMERICAL SIMULATIONS
A. Figure 2 sample
Figure 2 of the main text simulate a sample consisting on an NV center and a nuclear spin cluster located at positions
~r1 = [−0.1262, 0.8016, 0.2061] nm, (S43)
~r2 = [0.2524, −0.5830, −0.3607] nm,
~r3 = [0.2524, −0.7287, −0.4122] nm.
Figure 2 a) uses Bz = 0.1 T, while in Fig. 1 b) a high magnetic field of Bz = 2 T, and a value of ∆ = 2pi × 100 kHz have been
employed.
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B. Table 1 sample
In Table 1 we used
~r1 = [0.1262, 0.8016, 0.8245] nm, (S44)
~r2 = [−0.6311, −0.2186, 0.6183] nm,
~r3 = [−0.6311, −0.2644, 0.8760] nm,
with Bz = 2 T and ∆ = 2pi × 100 kHz.
C. Fidelities under strong error conditions
In Table I We show the fidelities for the sample used in the main text under strong error conditions Λ = 2pi× 2 MHz, and Rabi
frequency error of 5%.
TABLE I.
F−,+ exp(∓i pi2σzIxj ) exp(∓i pi2σzIyj ) exp(∓i pi2 Ixj ) exp(∓i pi2 Iyj )
Spin1 0.9858, 0.9861 0.9766, 0.9831 0.9861, 0.9862 0.9839, 0.9849
Spin2 0.9802, 0.9802 0.9684, 0.9773 0.9924, 0.9924 0.9924, 0.9923
Spin3 0.9893, 0.9852 0.9738, 0.9778 0.9917, 0.9915 0.9911, 0.9913
D. Nuclear bath contribution
To estimate the effects of the nuclear environment we deal with 10 different samples containing 200 13C nuclei, i.e. with 10
different nuclear distributions that interfere with the NV center and the three qubit nuclear register, and obtain the results outlined
in Table II. Note that because of machine restrictions we deal with instantaneous microwave pulses.
TABLE II. Coherence (L) for different samples. dmin is the distance of the closest nucleus belonging to the nuclear bath to the NV center, while
dmax is the distance of the furthest one. The nuclei that conform the bath are randomly generated according to the diamond lattice available
positions between the radius dmin and dmax.
L dmin (nm) dmax (nm)
Sample 1 0.9939 1.4584 4.7429
Sample 2 0.9949 1.5433 4.8623
Sample 3 0.9921 1.3913 4.8492
Sample 4 0.9932 1.4140 4.8096
Sample 5 0.9946 1.5840 4.8096
Sample 6 0.9936 1.5840 4.7319
Sample 7 0.9938 1.5433 4.7387
Sample 8 0.9926 1.3117 4.8360
Sample 9 0.9932 1.6934 4.7722
Sample 10 0.9940 1.5225 4.8492
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